A double shear theory is introduced that predicts the commonly observed {5 5 7} γ habit planes in low-carbon steels. The novelty of this theory is that no parameter fitting is necessary. Instead, the shearing systems are chosen in analogy to the original (single shear) phenomenological theory of martensite crystallography as those that are macroscopically equivalent to twinning. Out of all the resulting double shear theories, the ones leading to certain {h h k} γ habit planes naturally arise as those having small shape strain magnitude and satisfying a condition of maximal compatibility.. An interesting finding is that the precise coordinates of the predicted {h h k} γ habit planes depend sensitively on the lattice parameters of the fcc and bcc phases. Nonetheless, for various realistic lattice parameters in low carbon steels, the predicted habit planes are near {5 5 7} γ . The examples of Fe-0.252C and Fe-0.6C are analyzed in detail along with the resulting orientation relationships which are consistently close to the KurdjumovSachs model. Furthermore, a MATLAB app "Lath Martensite" is provided which allows the application of this model to any other material undergoing an fcc to bcc transformation.
Introduction
Among the various morphologies of martensite in ferrous materials, lath martensite is one of the most important and well studied owing to its significant industrial applications. Studies on the morphology of lath martensite have revealed that it possesses a hierarchical structure. The prior austenite grain is divided into packets each containing blocks of laths sharing the same orientation, see The length scale of individual laths is typically very fine and cannot be observed under the optical microscope. Nevertheless, many properties of steel, such as its strength and toughness, depend on the effective grain size, see [MTK + 03] , and a good understanding of its morphology is hence crucial.
The dominant theoretical models for the description of lath morphology are double 1 INTRODUCTION shear theories, e.g. [RC70, Kel92] , according to which the overall shape strain F can be decomposed as
where R is a rigid body rotation, B is one of the Bain strains and S, T are two shearing systems (see Section 2 for details). In addition, F is required to be an invariant plane strain, henceforth abbreviated to IPS, i.e. F is required to be of the form F = I + c ⊗ p leaving a plane with normal p undistorted. In the literature ([Kel92, RC70, MTK + 03, KPKJ14, MC17]) many different choices of shearing systems S and T have been proposed to explain the morphology of lath martensite and have been successful in explaining certain macroscopic observables, such as the typically observed {5 5 7} γ , {2 2 3} γ or {1 1 1} γ habit planes. However, a common feature of many of these theories is that a priori, based on physical intuition, different choices of shearing systems need to be considered. As a result, the identification of the correct systems and parameters requires a trial and error approach. This trial and error approach is in sharp contrast to the (original) phenomenological theory of martensite crystallography (PTMC) [WLR53, BM54] where a single shear theory was proposed, and was very successful in predicting the morphology of plate martensite. In this single shear theory, the system was chosen as the unique shear arising from twinning in martensite.
In this article, we extend upon previous results in [KM15] and show a consistent way of choosing both shearing systems as those which are macroscopically equivalent to twinning. Based on this assumption, we are able to build a model that predicts double shear theories with certain {h h k} γ habit planes as those satisfying a condition of low shape strain magnitude and maximal compatibility. We emphasize that our double shear theories are macroscopically equivalent to twinning and do not necessitate, or suggest, that twinning is the internal structure.
The article is structured as follows: in Section 2, we introduce our model for lath martensite. As the phase transformation from austenite to martensite occurs within a large temperature interval, thermal expansion effects become significant and need to be taken into account. To this end, we discuss material parameters for our model based on previous experimental estimations of thermal expansion coefficients for various ferrous materials. We then briefly review single/double shear theories and introduce our method of selecting shearing systems that are macroscopically compatible with (double) twinning. This selection mechanism results in two one-parameter families of admissible habit planes p with the property that, for each normal, there is a shape strain F = RBST leaving p invariant, i.e.
We conclude Section 2 by introducing a selection mechanism for the produced shape strains based on low shape strain magnitude and a criterion of maximal compatibility. Surprisingly, under the above criteria and for appropriate lattice parameters, the fcc to bcc transformation results in habit planes very close to {5 5 7} γ .
In Section 3, we apply our model to Fe-0.252C and Fe-0.6C and give the precise form of the resulting shearing systems and invariant plane strains. In both cases, the resulting habit planes are near {5 5 7} γ . For these double shear theories, we also compute the resulting orientation relationships and show that they are close to a variant of the Kurdjumov-Sachs orientation relationship. A similar analysis for any other choice of material parameters can be performed with the MATLAB App "Lath Martensite" available at github.com/AntonMu/LathApp.
Since the austenite to martensite transformation spans a large temperature interval, thermal expansion can have a significant effect on the parameter ∆V . To take thermal expansion into account, we ought to consider a bcc and a fcc as functions of temperature T . Instead of specifying a single transformation temperature, here, we take into account all temperatures where both phases coexist, i.e. the temperature interval between the martensite start M s and finish M f temperature. The volume change parameters ∆V (T ) = (a bcc (T ) a fcc (T )) 3 − 1 are then considered for fcc and bcc lattice parameters at a common temperature T within that interval. In our opinion such an approach seems more suitable than taking a fcc at M s and a bcc at M f which seems common in the literature.
It has been difficult to find reliable data on thermal expansion that includes both the austenite and martensite phase for the same material and spans a wide enough temperature range. For slowly cooled carbon steels, thermal expansion data for γ austenite and α ferrite can for instance be found in [ROB + 93] and [SH22] . The transformation temperatures for these materials are around 1000K and thus different from typical transformation temperatures reported for austenite to martensite transformations which, according to [BH06, Fig. 5.18] , are between 400K and 800K. However, due to the lack of accurate data for martensite and the fact that both martensite and ferrite are bcc, we base our calculations on [ROB + 93, SH22] .
By [ROB + 93] , for Fe-0.6C, the austenite lattice parameters in the interval 1030 K to 1250 K are given by a fcc (T ) = 0.36511 (1 + 23.3 ⋅ 10 −6 (T − 1000)) and the ferrite lattice parameters in the interval 800 K to approximately 1050 K by a bcc (T ) = 0.28863(1 + 17.5 ⋅ 10 −6 (T − 800)). Thus, the volume change in the temperature range of coexistence is approximately −0.2%. Similarly, using the corresponding formulas for Fe-0.4C we obtain a volume change of approximately 0.35% at 1050 K.
In [SH22] , the sample S556 with composition Fe-0.252C 1 transforms from fcc to bcc between 1079 K and 1005 K. Using graphical extrapolation from the corresponding graph of thermal expansion, [SH22, Fig. 8 ], gives a volume change between 0.76% and 0.97%. Similarly for the sample Fe-0.35C
2 we obtain a volume change between 0.6% and 0.64% for temperatures between 955K and 934K.
Single shear theories
An important and natural assumption in the phenomenological theory of martensite crystallography (PTMC) [WLR53, BM54] , is that the shape strain F is an invariant plane strain (IPS), i.e. F = I + c ⊗ p leaves a plane of normal p invariant. It is well known that a simple Bain deformation of the form F = RB i cannot be an IPS. However, if one allows simple or multiple shears of the original lattice, the total shape strain can become an IPS.
In the seminal work of [WLR53, BM54] a simple shear theory was proposed to accurately predict the features of plate martensite. An element that made their theory so successful was a unique way of choosing their shearing system. Instead of allowing all lattice invariant shearing systems they only allowed the ones that arise from twinning in martensite. It is important to note that, on a macroscopic scale, one cannot distinguish between internal twinning and other structures resulting in the same macroscopic strain, such as dislocations.
Below we recall Mallard's law as a convenient way of finding twinning systems. Lemma 1. (Mallard's law) Let A be a 3 × 3 matrix, P = −I + 2e ⊗ e be a 180 ○ rotation about the unit vector e and B = P AP . Then the equation RB = A + a ⊗ n admits two solutions (R I , a I , n I ) and
where N is chosen such that n II is of unit length. The unknown rotations R I and R II can by calculated as R = (A + a ⊗ n)B −1 . In particular, the strains RB and A are twin related.
In our case, the axes of the necessary 180 ○ rotations P relating the Bain variants, i.e. B i = P B j P , are all in the family {1 1 0} γ and by Mallard's law, for each pair of Bain variants B i and B j , there are two solution triples (R I , a I , n I ) and (R II , a II , n II ) such that
In addition, all the resulting twins are of compound type, i.e. there exist two different 180 ○ rotations (with axes e 1 and e 2 ) relating B i and B j . In particular, the first solution (I) of Mallard's law for P = −I + 2e 1 ⊗ e 1 coincides with the second solution (II) of Mallard's law for P = −I + 2e 2 ⊗ e 2 . Put differently, by considering all 180 ○ rotations relating B i and B j , it suffices to only consider the first solution of Mallard's law.
3 Therefore, we can, without loss of generality, only consider the first solution (I) in Mallard's law and suppress the superscript.
Condition (2) implies that the two strains B i and RB j can be internally twinned across an interface with normal n resulting in a macroscopic strain F of the form F = (1 − λ)B i + λRB j , where λ is the volume fraction of RB j in the twinning system. Using (2), the macroscopic strain F can be expressed as
where S ij (λ) = I + λB
i a ⊗ n is a shear with shearing magnitude g = λB
i a g and shearing normal n. In particular, two internally distinct states, twinning and shearing, can result in the same macroscopic strain F .
In the (single shear) PTMC this observation was crucial in determining the possible shearing system. Following [WLR53, BM54] , the parameter λ is then fully determined by the requirement that the total shape strain RF , for some rotation R, is an IPS.
Double shear theories
The (original) PTMC has proven very successful in explaining features of various martensitic transformations. However, when applied to steels it was only successful in a few cases, such as the (3 10 15) γ transformation (see [WW71, EW67, DB69] ), and failed to give adequate predictions for e.g. the (2 2 5) γ (see [BM64, WHR61, DB69] ) or the (5 5 7) γ transformations. A good overview of the original theory and its various extensions can e.g. be found in [DW71] .
In the case of lath martensite, widely used extensions of the PTMC are double shear theories, e.g. [Kel92, RC70] . In a double shear theory the total shape strain F can be expressed as
for two shearing systems of the form S = I + a ⊗ n and T = I + b ⊗ m. As in the single shear theory, the goal is to find shearing systems S and T and a rotation R such that the total shape strain F becomes an invariant plane strain (IPS). We observe that if one regards B i S as a variant itself, then F from (4) is related to this new variant by the single shear T . Since, as seen in the calculation leading to (3), there is a one-to-one connection between single shears and simple twins, there is a similar connection between shears of shears (double shears) and twins of twins (double twins).
Owing to the symmetry of the Bain variants, it is easy to show that for any λ ∈ [0, 1], the six possible shape strains arising from simple twins (or shears) are again related by 180 ○ rotations about vectors in the family {1 1 0} γ . Hence, we can once again apply Mallard's law to the sheared Bain variants. For example, let us consider the sheared variants B 1 S 12 (λ) and B 1 S 13 (λ), which are macroscopically equivalent to twins between B 1 and B 2 , and to twins between B 1 and B 3 , respectively.
4 Unlike the case of single shears (simple twins), the twins are not compound anymore and we need to distinguish between the first (I) and second (II) solution of Mallard's law.
Taking for instance the first solution of Mallard's law we obtain a solution triple
In particular, the two shears R I B 1 S 12 (λ) and B 1 S 13 (λ) can form an internal twin giving rise to a macroscopic strain F I of the form
, where µ I is the volume fraction of R I B 1 S 12 (λ) in the twinning system. As before, by using (5), F I can be expressed as
where S 13 (λ) is as above and
I . An analogous formula holds for the second solution of Mallard's law and for other pairs of sheared Bain variants.
Similarly to the original (single shear) PTMC, the total shape strain F I needs to satisfy the IPS condition, i.e.R I F I − I = c I ⊗ p I . As is well known, see e.g. [Bha03, BJ87, Kha13] as well as in the appendix, the IPS condition is equivalent to requiring that the middle eigenvalue of (F I ) T F I is equal to 1. Solving the IPS condition for F I as in (6) gives a dependency µ I (λ). In particular, by the IPS condition, F I in (6) only depends on a single parameter λ and we can find rotationsR I (λ) such that
Using this approach, one can construct a double shear theory which is macroscopically equivalent to (double) twinning. We will show that this choice of shearing systems naturally results in a theory that predicts the formation of certain {h h k} γ habit planes in low carbon steels, such as {5 5 7} γ or {2 2 3} γ .
In (7) we have computed a λ dependent family of double shears of B 1 that uses the Type I solution for the second shearing system. Similarly, we can construct double shears of any Bain variant, using either the Type I or Type II solution for the second shearing system. Furthermore, we note that by Proposition 1 in the appendix, for each F I (λ) and each F II (λ) there exist exactly two rotations and two shearing systems that satisfy the IPS condition. To avoid overcomplicating notation, we will not explicitly distinguish between these two solutions.
A plot of the resulting habit planes for all Bain variants, both types of solutions and both solutions for the IPS condition is shown in Figure 2 . In this plot the fcc and bcc lattice parameters have been chosen such that no volume change occurs, i.e. ∆V = 0. For volume changes of up to ±1%, this plot remains qualitatively similar. We refer the reader to Section 3 for examples with different lattice parameters.
In this figure, the yellow points represent habit planes that arose from single shear theories. For highly tetragonal steels, these are precisely the habit planes in the family {3 10 15} γ in the original Wechsler, Liebermann and Read (single shear) PTMC. Also, taking the first solution F I , one can see that there is a high density of intersections of all the differently colored lines, i.e. the differently sheared Bain variants, very close to {5 5 7} γ or {2 2 3} γ . For the second solution F II , the density of intersections is highest very close to {1 1 1} γ .
Figure 2: Possible habit planes for F I (λ) and F II (λ) for ∆V = 0. Differently colored lines (green, blue, red) correspond to the three different Bain variants being sheared. Yellow dots correspond to habit planes arising from single shear theories.
Selection mechanism for double shear theories
So far, we have established double shear theories that only depend on a single parameter λ. In this section, out of this family of possible double shear theories, we identify parameters λ that give rise to double shear theories that satisfy a criterion of small shape strain magnitude and maximal compatibility. We will see that double shear theories resulting in near {5 5 7} γ habit planes satisfy both criteria and are thus preferable.
Criterion of small shape strain magnitude
Following [Kel92] , see also [MHF + 06], we seek double shear theories that result in a low shape strain magnitude c for a shape strain of the form RF = I + c ⊗ p as in (7). Figure  3 repeats the plot of habit planes from Figure 2 but this time assigns a color gradient depending on the shape strain magnitude of the corresponding F . 
Figure 3: Possible habit planes for F I (λ) and F II (λ) for ∆V = 0. The color gradient indicates the magnitude of the shape strain of F I (λ) and F II (λ), respectively.
Firstly, it can be seen from Figure 3 that single shear theories (yellow points) give rise to the highest shape strain magnitudes as expected. We note that single shear theories correspond to the following cases (cf. (6)):
• if µ = 0 then F I = B 1 S 13 (λ) and thus a single shear theory for B 1 , (5) and thus a single shear theory for B 1 , and
• if λ = 1 then, using that B 1 S 13 (1) = RB 3 for some rotation R, we obtain F I = RB 3 T I (µ) and thus a single shear theory for B 3 .
The same classification applies to the second solution F II . Starting from any of the single shear theories there is a one-parameter family of double shear theories that connects it to another single shear theory. For each double shear theory, we can compute the corresponding habit plane. The resulting arcs of habit planes connecting two single theories are shown in Figure 3 .
5 The coloring of the normals indicates the shape strain magnitude of the underlying double shear theory. It can be seen that this magnitude gets smaller the further away a double shear theory is from a single shear theory.
It can further be seen from Figure 3 that the smallest shape strain magnitudes are obtained from double shear theories of Type I and that the smallest shape strain magnitudes for solutions of Type II are achieved near the point of highest density of intersections. Even though the shape strain magnitude of double shear theories resulting in near {5 5 7} habit planes is not minimal, it is low and in particular lower than that of any double shear theory of Type II.
Criterion of maximal compatibility
Apart from low shape strain magnitudes, points near {5 5 7} γ and {1 1 1} γ also have a high density of intersections and hence satisfy a strong criterion of compatibility. On a very basic level, having a high density of intersections simply implies that there are more double shear theories that give rise to habit planes close to {5 5 7} γ and {1 1 1} γ .
Furthermore, suppose that two regions within the same prior austenite grain have been deformed according to two different double shear theories which share the same habit plane p. Denoting the respective shape strains in the two regions by I + c 1 ⊗ p and I + c 2 ⊗ p, we observe that
Thus, any two such regions can share a fully coherent interface of normal p. In particular, the most likely double shear theories with this property are the ones with habit planes near {5 5 7} γ and {1 1 1} γ . This compatibility property may play a crucial role when thinking of the dynamic process of nucleation. As austenite is quenched, the martensite phase nucleates at various sites as an IPS with all three Bain variants being equally likely to occur. As explained above, if two growing nuclei happen to share the same habit plane p, they are able to meet along a fully coherent interface. We note that in Figure 2 , the different colors correspond to double shears of different Bain variants and thus if three differently colored lines intersect at one point it implies that there are double shear theories of all three Bain variants that share this habit plane. Remarkably, both points near {5 5 7} γ and {1 1 1} γ share this property.
Results
We apply our model to explore the formation of {h h k} γ habit planes with the volume change parameters ∆V derived in Section 2.1 and also investigate the resulting orientation relationships (ORs). Here, we present the results for the double shear theories with the lowest and highest volume changes which, as we shall see, result in habit planes near {5 5 7} γ and ORs near the Kurdjumov-Sachs model. Results for different lattice parameters can be obtained with the help of the MATLAB App "Lath Martensite" available at github.com/AntonMu/LathApp.
In order to determine double shear theories satisfying the criterion of maximal compatibility and low shape strain magnitude, we first calculate all possible families of habit planes. We then search for all points of intersections between these families that have low shape strain magnitude. In all cases, we find that the two criteria are satisfied near points in the family {h h k} γ . A reason for finding a high density of intersections near such habit planes may be that any double shear theory resulting in a {h h k} γ normal trivially intersects with at least one of its crystallographically equivalent families. This is because if the family of shape strains F (λ) results in a habit plane p(λ * ) = (h h k) γ for some λ * , then there exists an element P in the cubic point group, i.e. an orthogonal transformation mapping the cube to itself, such that P (h h k) γ = (h h k) γ . In particular, the crystallographically equivalent families of double shear theories given by F (λ) and
We recall that, for RF as given in (7), the P -crystallographically equivalent double shear system is given by
which is a double shear theory for P B 1 P T with habit plane P p and a crystallographically equivalent orientation relationship.
.5772 .5717 .3848
.548
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.7602 .5496 .5068
.486 Table 1 : Elements of the double shear system (7) leading to habit planes near {5 5 7} γ for ∆V Fe-0.6C (1040K) = −0.2%. The remaining {5 5 7} γ habit planes can be obtained from the crystallographically equivalent systems. Shearing directions and normals are of unit length. We use the shorthand notation g d k for I + g d ⊗ k.
Resulting Habit Planes
In Table 1 , we use the lowest volume change of ∆V Fe-0.6C (1040K) = −0.2% following the calculation in [ROB + 93] . Using the Type I shearing system in (6) for e.g. λ * = 0.5772, the IPS condition is satisfied for µ I (λ * ) = 0.5717 resulting in the double shear theory Table 2 , we use ∆V Fe-0.252C (1042K) = 0.865% (cf. [SH22, sample S556]) which is the average of the possible volume changes in the transformation temperature range for Fe-0.252C.
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As pointed out in Section 2.4, the shape strains for Type II solutions, resulting in {1 1 1} γ habit planes for 0% volume change, have higher shape strain magnitude. For volume changes above ≈ 0.6% the resulting habit planes fail to intersect and thus do not satisfy the criterion of maximal compatibility. For, potentially hypothetical, negative volume changes below ≈ −0.6%, also the shape strains for Type II solutions result in habit planes near {5 5 7} γ . These and similar observations can be obtained easily with the MATLAB App "Lath Martensite".
Resulting Orientation Relationships
In this section we establish the orientation relationships (ORs) for the double shear theories obtained in Tables 1 and 2 . In particular, we restrict our investigation to Type I solutions and, for the ease of the reader, we henceforth omit the superscript I in our notation. For these solutions, we derive the resulting ORs and compare them to typical ORs stated in the literature, that is to the Nishiyama-Wassermann (NW), Kurdjumov-Sachs (KS), Pitsch (P) and Greninger-Troiano (GT) orientation relationships.
We derive the OR based on the overall rotation R that is needed to make the (double) sheared Bain strain B 1 in (7) an invariant plane strain RF = RB 1 ST = 1 + c ⊗ p. Following [KM17] , the corresponding OR matrix O tot transforming the fcc to the bcc basis, is then given by
Here, R[ 
Minimising Angular Deviations of Planes and Directions
Given O tot as in (9), we compare known parallisms between fcc and bcc planes and directions found in common ORs and calculate the angular deviations from them. For instance, when considering KS22, we compute
We will use the short-hand notation (11 1) γ ∶ (1 0 1) α = ∠(O tot (11 1) γ , (1 0 1) α ) to express this relationship. As before we restrict the candidate ORs to those that undergo a transformation according to B 1 . The minimisation is then performed over the sum of the deviation angles between normals and directions.
By performing both minimisations for the previous examples of Fe-0.6C (cf. Table 1 ) and Fe-0.252C (cf. Table 2 ) we find that O tot is closest to KS22 according to both methods for all solutions. The deviations from KS22 are summarised in Tables 3 and 4 below.
. Recalling that by (8) all P -crystallographically equivalent double shear systems are given by P RF P T , we readily conclude that the P -crystallographically equivalent OR P O tot P T is closest to the orientation relationship P O KS22 P T which corresponds to a different KS variant.
Finally, we remark that the algebraic complexity of the problem prohibits us from deriving closed form expressions that show that O tot is always closest to a KS variant. However, numerical evidence obtained through the MATLAB App "Lath Martensite" provides strong evidence that this claim holds true for all physical ranges of volume changes that can be observed in fcc to bcc phase transformations for Type I, and also Type II, solutions.
Conclusion & Outlook
In analogy to and motivated by the groundbreaking work of Wechsler, Liebermann & Read and Bowles & Mackenzie on the original PTMC, we have built a double shear theory by choosing the shearing systems as those arising from (second order) twinning.
Our developed double shear theory agrees well with the experimental observation of near {5 5 7} γ habit planes in low-carbon steels and orientation relationships close to Kurdjumov-Sachs [MTK + 03, MHF + 06, Kel92]. Unlike other existing double shear theories no parameter fitting was necessary to reach our results. By choosing shearing systems that are macroscopically compatible with twinning and requiring that the overall shape strain is an invariant plane strain, our model predicts near {5 5 7} γ habit planes solely based on the additional assumptions of small shape strain magnitude and a condition of maximal compatibility. We remark that, as other double shear theories, our theory is macroscopic and does not imply, or necessitate, internal twinning. In fact, it is compatible with several different internal structures one of which is double twinning.
Furthermore, as e.g. in [MC17] , our theory reveals a very sensitive dependence of the possible lath habit planes on the volume change during transformation from fcc austenite to bcc martensite. It would be interesting to put this theoretical dependency to experimental scrutiny.
